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Abstract. The successive projection algorithm (SPA) is a workhorse algorithm to learn the r
vertices of the convex hull of a set of (r — 1)-dimensional data points, a.k.a. a latent simplex, which
has numerous applications in data science. In this paper, we revisit the robustness to noise of SPA
and several of its variants. In particular, when r > 3, we prove the tightness of the existing error
bounds for SPA and for two more robust preconditioned variants of SPA. We also provide significantly
improved error bounds for SPA, by a factor proportional to the conditioning of the r vertices, in two
special cases: for the first extracted vertex and when r < 2. We then provide further improvements
for the error bounds of a translated version of SPA proposed by Arora et al. [Proceedings of the
International Conference on Machine Learning, 2013, pp. 280-288] in two special cases: for the
first two extracted vertices and when r < 3. Finally, we propose a new more robust variant of SPA
that first shifts and lifts the data points in order to minimize the conditioning of the problem. We
illustrate our results on synthetic data.
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1. Introduction. The problem of finding a latent simplex via the observation
of noisy data points generated within that simplex is a fundamental problem in signal
processing, data analysis, and machine learning. It finds applications in chemometrics
[3, 33], hyperspectral imaging [26], audio source separation [36], topic modeling [4, 5],
and community detection [27, 21, 2], to cite a few. The problem is posed as follows:
we observe samples

zj=Wh;j+ N(,j)eR™ for j=1,2,...,n,

where the following hold:

e The columns of W € R™*" are r vertices, to be found, {wy € R™}}_;.

e The weights h; € R” are nonnegative and sum to one, that is, they belong to
the probability simplex, h; € A={yeR" | y>0,>";_, y; =1} for all j. We
will denote H = [hy, ha, ..., h,] € R™*™.

e The vector N(:,7) € R™ models the noise and model misfit.
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Algorithm 1. Successive projection algorithm [3].
Input: The matrix X = WH + N, where H >0, H'"e <e, H is separable, W is full
column rank, the number r of columns to extract.
Output: Set of r indices J such that X(:,7) ~W (up to permutation).
1: Let R=X, J={}.
2: for k=1,...r do

3: p € argmax; || R(:, j)||- % Selection step
4: J +— JU{p}.

5: R+ (I- W)R. % Projection step
6: end for

Hence the samples, z;’s, are contained in a latent simplex,! conv(W) = {z | z =
Wh,h € A"}, up to the noise N(:,7), and the goal is to learn W given X =WH + N.
This problem is sometimes referred to as “learning a latent simplex,” [5] “simplex-
structured matrix factorization” (SSMF) [1], or “probabilistic simplex component
analysis” [38]; we will use SSMF in this paper. When W > 0, this is a nonnegative
matrix factorization (NMF) problem [24].

Many variants of SSMF have been studied, making various assumptions on W,
H, and N. An assumption that has proved particularly powerful is separability, which
requires that for each vertex (that is, each column of W), there exists at least one
data point close to that vertex. Mathematically: for all £k =1,2,...,r, there exists j
such that X (:,5) = W(:,k) + N(:,j). This is equivalent to requiring that H contains
the identity matrix as a submatrix since the previous equation implies H(:,j) = e,
where e; the kth unit vector. If H satisfies this condition, it is said to be a separable
matrix. The separability assumption is also known as the pure-pixel assumption in
hyperspectral imaging [26] or the anchor-word assumption in topic modeling [4]. In
this paper, we will refer to the SSMF problem under the separability assumption as
separable SSMF.

Countless algorithms have been developed for separable SSMF; see, e.g., [15,
Chapter 7] and the references therein. Among them, a workhorse algorithm is the
successive projection algorithm (SPA) [3], which is described in Algorithm 1. Geo-
metrically, when rk(W) =, conv(W) is an (r—1)-dimensional simplex with r vertices
embedded in a higher m-dimensional space. The first step of SPA extracts the point
with the largest ¢ norm. For any polytope (such as a simplex), such a point is always
a vertex. Then SPA projects all data points on the orthogonal complement of that
extracted point (so that this point is projected onto zero), reducing the dimension of
the simplex by one, and continuing the process (r — 1) times.

Remark 1 (implementation of SPA). SPA should not be implemented as in Algo-
rithm 1; this would be particularly ineffective for large sparse matrices, as the residual
would become quickly dense (especially if the first extracted columns is dense). It
can be implemented in O(rnnz(X)) operations (essentially, r matrix-vector prod-
ucts), where nnz(X) is the number of nonzero entries of X, using the fact that

1A simplex is a d-dimensional poltyope with d + 1 vertices, e.g., the probability simplex. For
conv(W) C R™ to be a simplex embedded in an m-dimensional space, the affine hull of the columns
of W, that is, {Wz | T e =1}, must have dimension 7 — 1.
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(I —vwu)y||? = ||y||> — (u"y)?, where u has unit norm and y is any vector [19].
See https://gitlab.com/ngillis/robustSPA for a MATLAB implementation.

SPA has a long history, as the index set of columns it extracts corresponds to
that of QR with column pivoting [8]. However, it was introduced in the context of
separable SSMF by Aratjo et al. [3] and rediscovered many times under different
names; see [15, p. 229] for an historical overview.

Besides being simple and computationally very cheap, SPA was one of the first
algorithms for separable SSMF to be proved to be robust to noise [19]; see the next
section for more details. Let us recall this result.

THEOREM 1 ([19, Theorem 3]). Let X = WH + N € R™ ", where H € R[*"
is a separable matriz satisfying H' e < e with e the vector of all ones of appropriate
dimension, and let

(W
(Bound on the noise) € =max INC,HI<O <\/(;IC(2(V)V)) ,
where o.(W) is the rth singular value of W, and K(W) = % with K(W) =
maxy, ||W(:, k)| is a measure of the conditioning® of W. Then SPA (Algorithm 1)
returns a set of indices J such that

(Error bound) max min ||[W(:, k) — X(;,J;)|| < O (eK*(W)).

1<k<r j

Note that it is not required that H is column stochastic, that is, H e = e, but
only that H Te < e; we will discuss this in section 2.

Outline and contribution. In this paper, we revisit the robustness to noise of SPA
and some of its variants and provide a much more complete picture than that of
Theorem 1. After summarizing the current knowledge about the robustness to noise
of SPA in section 2, our contributions are as follows.

e Section 3. We reanalyze the selection step of SPA, showing that the error
bound of SPA can be improved, namely, in O(eK(W)) instead of O(eK2(W))
for the first step of SPA (Theorem 3). We then show that for a rank-2
separable SSMF problem, SPA achieves the error bound in O(eXC(W)) with
a bound on the noise given by ¢ < (9(7&%/))), a significant improvement
compared to SPA, of a factor (W) for both terms (Theorem 4).

e Section 4. For separable SSMF, the first projection step of SPA can be
replaced by a translation, as is done in [4], which we refer to as translated
SPA (T-SPA). Adapting the results from section 3, we show that the first two
steps of T-SPA have an error bound in O(eK(W)) (Theorem 5). Moreover,
for a rank-3 separable SSMF problem, T-SPA achieves the error bound in
O(eX(W)) with a bound on the noise given by ¢ < O([;é'((vvg))), the same
improvement as for SPA in section 3 but for r =3 (Theorem 6).

e Section 5. For r > 3, we show that the bound of Theorem 1 from [19] with
error bound in O(eK2(W)) is tight (Theorem 7). We do this by providing
a family of data matrices that achieve this worst-case bound already at the
second step of SPA. This answers an open question about the tightness of the
SPA error bound of Theorem 1 [15, p. 231].

2Note that IC(W) is smaller than the condition number of W, ZIEVM‘?;

o1(W)=||W| > K(W)>o1(W)/+/r, where r is the number of columns in W.

In fact, recall that
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e Section 6. SPA can be preconditioned in various ways to obtain error bounds
in O(ekC(W)) [20, 18] (see section 2.2 for more details). We show that these
error bounds are tight for two important preconditioners: SPA itself [18]
(Theorem 9) and minimum-volume ellipsoid (MVE) [20] (Theorem 11).

e Section 7. We discuss a way to preprocess the data, by translating and lifting
the data points in a higher dimensional space of dimension m + 1, allowing
us to improve robustness of SPA be reducing the conditioning of W.

e Section 8. We provide numerical experiments to compare the various SPA
variants and how they compare on synthetic data, allowing us to illustrate our
theoretical findings. In particular, our experiments show that our proposed
SPA variant outperforms the others in adversarial settings.

Notation. Given a vector x € R™, we denote |z|| its {2 norm. Given a matrix
X € R™*" we denote X | its transpose, X (:,7) its jth column, X (i,:) its ith row,
X(i,7) its entry as position (z,5), || X|| = omax(X) its f2 norm which is equal to
its largest singular value, || X||% = D X (i,7)? its squared Frobenius norm, o,.(X)
its rth singular value, owmin(X) = Omin(m,n)(X) its smallest singular value, rk(X) its
rank, K (X) = max;{|| X(:,7)|}, and K(X) = K(X)/0min(X). For k> min{m,n}, by
convention, o;(X)=0. Note that

on(X) < min{[|X (9} < K(X) < [ X]],
on(X) < 1Px () (X ) <X ) = X Gl

and 0, (X)v2 < || X (:,i) — X(:,4)|| for every i # j, where P,(v) is the projection of v
on the subspace orthogonal to u. We denote e the kth unit vector, e the vector of
all ones of appropriate dimension, and I,. the identity matrix of dimension r. The set
R?*™ denotes the m-by-n componentwise nonnegative matrices. A matrix H € R™*"
has stochastic columns if H >0 and H' 'e=e. It is separable if H(:,J) = I, for some
index set J of size r.

Given W € R™", we may also denote its columns by {w;};_;. The convex
hull generated by the columns of W is denoted conv(W) = conv(wy,ws,...,w,) =
{Wh|e"h=1,h>0}.

The notation A > 0 means that A is a square symmetric positive definite matrix.

In the results, we use the notation --- < O(f(x)) to indicate that a quantity is
bounded by f(x) up to an absolute multiplicative constant C' that does not depend
on any of the parameters or variables.

2. SPA: What do we know? As described in the previous section, SPA is fast
and robust to noise. However, it has several drawbacks, including the following ones:
1. Tt can only extract as many as rk(W) vertices. For example, if the columns of
W live in an m-dimensional space with rk(W) <m < r, e.g., a triangle in the
plane (m =rk(W) =2, r =3), SPA can only extract rk(W) of the r vertices.
2. The error bounds in Theorem 1 are rather poor, depending on the squared of
the condition number of W. Moreover, it is not known whether these bounds
are tight [15, p. 231].
3. SPA is sensitive to outliers.
Researchers have proposed many improvements and modifications of SPA to al-
leviate some of these drawbacks. Let us highlight some of these results; in particular
the ones we will discuss in this paper.

2.1. Drawback 1: Rank-deficient case. How can we adapt SPA to handle
the case when rk(WW) < r? Assuming that H is column stochastic, that is, H e =e,
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Algorithm 2. Translated SPA [4].

Input: The matrix X = WH + N, where H >0, H'"e=e, H is separable, W is full
column rank, the number r of columns to extract.
Output: Set of r indices J such that X (:,J)~W (up to permutation).
1: Let R=X, J={}.
2: for k=1,...r do
3: p € argmax; || R(:, j)||- % Selection step
4 J=JU{p}
5 if k=1 then
6: R+ R—X(,p)e'. % Translation step
T else
8
9
10:

R« (I- %W)R. % Projection step

end if
end for

Arora et al. [4] replace the first projection step of SPA by a translation step; see
Algorithm 2. Note that Arora et al. [4] did not present their algorithm exactly in
these terms (they worked with affine spaces), but Algorithm 2 is equivalent.

Remark 2 (implementation of T-SPA). As for SPA (see Remark 1), T-SPA can be
implemented in O(rnnz(X)) operations (essentially,  matrix-vector products). See
https://gitlab.com/ngillis/robustSPA for a MATLAB implementation.

Replacing the projection step by a translation at the first iteration has two ad-
vantages:
o It allows T-SPA to extract rk(IW) + 1 vertices. The simplest examples are

triangles in the plane, e.g.,
-1 1 0
W= ( -1 0 1 ) ’

for which SPA can only extract 2 out of the 3 vertices, while T-SPA can
extract all of them.

e Arora et al. [4] proved an error bound in O(eK?(W;)) for T-SPA, where
W, € R™>*("=1) ig the translated version of W where the zero column is
discarded, that is,

Wi =[w1 — wp, ..., Wp—1 — Wp, Wpt1 — Wp, ..., Wy — Wp),

where w), is the first extracted column by T-SPA, that is, the column of W
with the largest ¢ norm. Note that this bound essentially follows that of
[19] after translation. Interestingly, and this has never been pointed out in
the literature as far as we know, the matrix W; can be significantly better
conditioned than W, even when rk(W) =r. For example, let

-1 1 0 2 1
W=| -1 0 1 foro<l, with W= 1 2 |,
o 4§ 6 0 0

where (W) = O(1/6) while K(W;) = /5.
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Note that we will always have K(W;) < 2IC(W). In fact, K(W;) < 2K(W)

since ||w; —w;|| < |lw; || +||w,l|, and or—1 (W) > 0, (W) since Wy is a rank-one
correction of W (by the interlacing singular value theorem).

Another possibility to extract rk(W) + 1 vertices when the affine hull of the

columns of W contains the origin is to replace X by (CfT), where ¢ > 0 is a constant

[27, 21]. This amounts to lifting the data points in one dimension higher and leads to
an equivalent SSMF problem: for H 'e =e,

(2.1) X=WH (X)_<W>H.

cel cel

This prevents the affine hull of (CI;VT) from containing the origin. We will discuss in
section 7 how to perform this lifting (and combining it with a translation) in order to
minimize the conditioning of (FI;VT) and hence improve the performance of SPA.

The two methods described above can only extract the vertices of a simplex,
that is, of an (r — 1)-dimensional poltyope with r vertices. In order to extract more
vertices, one can take the nonnegativity of H into account in the projection step,
leading to the successive nonnegative projection algorithm (SNPA). SNPA can extract
all the vertices of conv(W), regardless of the dimensions; see [13] for more details.
However, when rk(WW) =r, SPA and SNPA have the same error bounds, while SPA is
significantly faster. Other approaches that allow one to extract more than rk(W)+1
vertices are based on convex formulations [11, 10, 34, 12, 17, 29]. We will not discuss
SNPA and the convex relaxations further in this paper, nor the tightness of their error
bounds, which is a topic of further research.

2.2. Drawback 2: Sensitivity to noise. A standard preprocessing step in the
literature to improve the robustness to noise of SPA is to replace X with its best
rank-r approximation using the truncated singular value decomposition (SVD); see,
e.g., [26, 22]. It is also possible to precondition the input matrix to improve the
performance of SPA in the presence of noise. The intuition behind preconditioning
is to try to estimate the left inverse of W, W1, from the data, then multiply X
by W', and apply SPA on WTX = H + WTN. In the preconditioned problem, W
becomes the identity which is perfectly conditioned. In this paper, we will focus on
two preconditionings because they offer the most robust variants of SPA:

e MVE [20]: find the 7-dimensional MVE centered at the origin, {z | T Az <1},
where A > 0, that contains all data point. The MVE can be computed via
semidefinite programming. Then multiply X by the left inverse of A. This

allows one to reduce the bound on the noise in SPA to € < O(%\/Vg)), with a

factor of improvement of )C2(TW), and reduce the error bound to O(eC(W)),
with a factor of improvement of IC(W'). This approach is referred to as MVE-
SPA. Note that a similar approach was proposed in [28§].

Note that MVE-SPA needs to work with an r-by-n input matrix, and hence
a dimensionality reduction preprocessing is necessary, such as the truncated
SVD.

e SPA [18]: Estimate WT by the left inverse of the SPA solution, X(:,J).
This strategy might appear a bit odd, preconditioning SPA with itself. It
has the same bound on the noise as SPA but allows one to reduce the error
bound to O(ekC(W)), while providing significantly better results in numerical
experiments [18] (see also section 8). We will denote SPA preconditioned
with SPA as SPAZ.
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We will show in section 6 that the error bounds for these two preconditionings are
also tight.

Another way to improve the error bound of SPA to O(eKX(W)) (but not the bound
on the noise) was proposed in [4]: after a first set of r indices J is extracted by SPA,
each element j € J is reviewed again and replaced with the index p that maximizes
the volume of conv(X(:, J\{j} U {p}). However, this algorithm, referred to as fast
anchor word (FAW), typically performs worse than SPA? [18]; see also section 8 for
numerical experiments. Moreover, the computational cost of FAW is r times that of
SPA. Note that FAW uses a translation at the first step, that is, it relies on T-SPA.

Another direction of research to improve robustness to noise is to consider ran-
domized algorithms, such as vertex component analysis [31] or randomized SPA [37].
Such algorithms generate a different solution at each run, from which one can pick
the best one according to some criterion (e.g., the reconstruction error or the volume
of conv(W)). Discussing such algorithms is out of the scope of this paper.

2.3. Drawback 3: Qutliers. To improve performance in the presence of out-
liers, standard strategies include outlier removal (see, e.g., [22]) and robust low-rank
approximations of the input matrix [9]. Another dedicated strategy for SPA is to
check, after the selection step, that the extracted column of X can sufficiently reduce
the error in the approximation (that is, ming || X — X (:, J)H|| is sufficiently small)
[14]. A more recent strategy leverages the presence of multiple columns of X close to
that of W, allowing one to estimate the columns of W as the average or median of
several columns of X; see [6, 5, 30]. We will not cover these approaches in this paper.

3. Improved bounds for the first step of SPA and when r = 2. In this
section, we provide improved bounds for SPA: for the first step in section 3.1 (Theo-
rem 3) and when =2 in section 3.2 (Theorem 4).

Motivations. From a theoretical standpoint, understanding better the behavior of
SPA, a workhorse separable NMF algorithm, is a mathematically interesting problem,
even when r =2,3. From a practical standpoint, rank-2 NMF and/or SPA with r =2
have been used successfully to segment and analyze medical images [25, 35], extract
topics in a large corpus of documents [23], and cluster pixels in hyperspectral images
[16]. In analytical chemistry, where NMF is referred to as the self-modeling curve
resolution problem, using r =3 is a standard setting [7, 32].

3.1. First step of SPA. The robustness proof of SPA in Theorem 1 relies on
using sequentially the following theorem that studies a single step of SPA (we report
the bounds using the O notation to simplify the presentation?).

THEOREM 2 ([19, Theorem 2]). Let W € R™** and Q € R™*("=k) and X =
L% QJH + N € R™™ with k < r < min{m,n}, where W is full rank, K(N) < e <
O(‘;C’“(VV‘I,/))), and H € R'™ is separable with H e <e. If K(Q) < O(K(W)e), then the
column of X with the largest {3 norm, denoted x, satisfies

min ||z —w;|| <O (K*(W)e).

1<ilr

In this section, we improve the bound of Theorem 2; see Theorem 3 below, which
is very similar to Theorem 2 but improves the error bound, namely, from O(eK?(W))
to O(ekL(W)). Note that it does not improve [19, Theorem 2] in terms of the bound

on the noise allowed by SPA, which was already of the order of ¢ < O(‘;C"((VV[‘,/)) ).

3In [19], the authors consider any strongly convex and L-smooth function f to be maximized,
not only the ¢2 norm. We focus in this paper on the 2 norm, which is the most used variant.
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THEOREM 3. Let W e R™*F Qe R™*("=F) gnd X = [W Q]H + N € R™*™ with
k <min{m,r}, where W is full rank, K(N) <e < o,(W)K(W)~!/8, and H € R}*"
is separable and has stochastic columns. If K(Q) < K(W)/2, then for the column of
X with largest o norm, denoted x = X (:,p) = [W,Qlh, + N(:,p) for some p, there
exists a column w; of W such that ||z — w;|| < 33K(W)e and hy(i) >1/2.

Notice that under these hypotheses, K(W)/2 > o, (W)/2 > 4KC(W)e, so the upper
bound on K(Q) is consistent with the one in Theorem 2 and possibly less restrictive.

To prove Theorem 3, we use a similar proof strategy as that of [22, Theorem 1],
which is based on the geometry of the problem, as opposed to matrix norm inequal-
ities used in [19], as explained in [22]. However, [22, Theorem 1] still has a factor
proportional to K?(W) in the error bound, and hence its bound is asymptotically
similar to that of Theorem 2. Moreover, [22, Theorem 1] claims that it can replace
o-(W) in Theorem 1 by o,_1 (W) in the bound on the noise and in the error bound.
However, this is not possible, as exemplified by the following counterexample. Sup-
pose in fact that W = (99), r=2 and X = (5 §) for a small enough ¢ > 0. Notice
that X = WH + N for a separable and column stochastic H = ({}9) and with
K(N) = e. Then SPA identifies the first two columns of X as the vertices of the
simplex, and the error is at least 1 for any € > 0; this does not coincide with the
estimation O(eK(W)?/a,_1(W)?) = O(e).

Before proving Theorem 3, let us state the following two lemmas.

LEMMA 1. Let W € R™*" with r <m. If ¢ < o,.(W)K(W)~1/8, then for every
couple of distinct indices i, 7,

w; + wj
|25 < e s - 2
Proof. See Appendix A.1. 0
LEMMA 2. Let V be a convex polytope with vertices {vg,v1,...,v.}. Let C be a
closed convex set containing vi,...,v, but not vg. Let w; = vg + «;(v; — vg) where

0 < a; <1 is the smallest value for which w; € C. Then the set V \ C is contained in
conv(vg, Wi, ..., Ww).

Proof. See Appendix A.2. ]
We can now prove Theorem 3.

Proof of Theorem 3. The vector z is equal to w + s, where w = [W Q]h and h, s
are columns of H and N, respectively, so ||z|| < ||w|| + . At the same time, given
|lw;|| = K (W) the longest column of W, there exists a column of X that is equal to
w; up to a perturbation of norm at most ¢, due to the separability of the matrix H,
so ||z|| > K (W) —e. It implies that there exists a vector w in the convex hull of [W Q)
for which

we. ={yeconv([W Q)| [lyl > K(W) —2¢}.
Since
K(W)—4e> K(W) —op,(W)K(W)™ /2> K(W)/2> K(Q),

then all vectors in conv(Q)) have norm at most K (W)—4e, and ||w; +¢;|/2 < K(W)—
2e. Call M := [W Q] so that m; = w; for i« < k and m; = ¢;—j for i > k. By the
hypothesis on € and Lemma 1, all the vectors in the polytope {y=[W Q]h |e'h=1,
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h > 0,]|hllcc <1/2} have norm at most K (W) — 2¢, since its vertices are the median
points between different columns of [W @)]. As a consequence,

S=JI{y=WQh|e"h=1,h>0h;>1/2}) = (& N %) := Ui S,

i %

where the union is disjoint. Notice that the .%; associated with ||m;|| < K(W)—2¢ are
empty since the vertices of ¥#; are the median points between m; and the columns of
M (itself included). In particular . =0 for ¢ > k since K(Q) < K(W) —4e. Let now
lw;|| > K (W) — 2e. Since the ball with radius K (W) — 2¢ is convex and closed and
contains (w; +m;)/2 for all j # ¢, but not w;, we can find points m,; of norm exactly
K (W) — 2¢ on the segments connecting w; with (w; +m;)/2. By convention, denote
my; = w;. Since . =.N¥; = (conv(M)\ B(K(W)—2¢))N¥; =¥\ B(K(W) —2¢),
we can use Lemma 2 and find that .%; C conv{m;,...,m;-}. The point w is in one
of the nonempty .%;, so

(3.1)

min o —w; | = min |w-+s—w; || <e+ max maxy —wil] < et max max | — will
Let ¢;; € (0,1/2] be the value such that m;; = w; + 0;;(m; — w;) for j # 4, and notice
that ||m;; — w;|| = d;5]lm; — w;||. From ||m,;|| = K (W) — 2¢, we obtain the following
equation in §;;:

If ||m;|] < K(W) — 2¢, then §&;; will be the only solution between [0,1]. Instead, if
|lm;|| > K (W) — 2¢, then the two solutions of the above equation will be ¢;; and
1—6,;, where 6;; < 2 <1—4;;. In this case, if we further assume [Jw;|| > |[m;||, we get

o1, = 20 i mg) 2wl 2wl my il g2~ 2] my

:]_7

lmg —will2 - llmy — w2 l[m; —will?

SO 5ij > 5ji and

1M — will = dijllmy — will = 85llmy — will = llmgs —myll.
Thus, to estimate (3.1), we just need to consider the indices 4,j such that ||w;| >
max{||m;||, K(W) — 2e}. For such couples of indices, d;; will always be the smallest

solution of (3.2), and w;" (w; —m;) > |jm; — w;||?/2 > 0. From the inequality a —
Va2 —x < x/a that holds for any 0 <z <a? and 0 < a,

(3

w] (w; —m;) — \/(wf(wi —m;))? = [lm; — wil P (lwi]|* = (K(W) - 2¢)?)

5y =
Y [ — w;l|?

o Mwill® = (W) —2¢)* _ 2(jwill = K W) — 2€)) (Jlwil + (K(W) — 2¢))

w; (wi —my) [[mj —wil]?
8|lwile < SK(W)e

= lmy —wil? T flmy — w2

This allows us conclude that

8K (W)e < 2K (W)e

( ) || J H JH J || ||m]_wz|| O'k(W)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/23/25 to 193.190.208.38 by Nicolas Gillis (nicolas.gillis@umons.ac.be). Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

ON THE ROBUSTNESS OF SPA 2149

because if m; = w;, then ||m; — w;| > v201,(W) > o (W)/4, and if m; = g, then

lmy —wil| > [Jwil| = [m;|| > K(W) = 2¢ = K(W)/2> K(W)/2 = o, (W)K(W) ™! /4
> o(W)/4.

Finally, by (3.1),

miin |z —w;|| <e+ iz{r{(lﬁfl;{@r?zc lmi; —wi|| <e+ % <3BK(W)e. |
The consequences of Theorem 3 are the following.

e The first step of SPA is more robust than the next ones. The reason is that
the projection step might lead to an increase of the error bound by a factor of
K(W), so that Theorem 1 becomes tight after the first step of SPA. We will
prove this in section 5 with an example. From a practical point of view, this
is interesting information: we know that the first extracted vertex by SPA is
more reliable than the next ones.

e When H e =e¢, one can use T-SPA. Since T-SPA only translates at the first
step while increasing the conditioning by a factor at most two (see section 2.1),
the first two steps of T-SPA follow the bound of Theorem 3 and are therefore
more robust than the next ones.

e In the proof of Theorem 3, the assumption that H is separable can be relaxed:
we only need the columns of W to appear as columns of X (up to the noise),
not that of Q). In other words, only H(1:k,:) needs to be separable. We will
use this observation in the proof of the Theorem 4 in the next section.

e Since the only hypothesis on @ is a bound on the norm of its columns, The-
orem 3 generalizes easily to substochastic matrices H (that is, H e <e). In
fact, we only need to add a zero column to ) and a row to the substochastic
H to extend it to a stochastic matrix.

3.2. SPA when r = 2. Another less direct consequence of Theorem 3 is that
we can solve rank-2 separable NMF with better guarantees, with a bound on the noise
of e < O(‘;CT(XVV)) ), and an error bound in O(elC(W)).

Unfortunately, we show in the next section that the following steps of SPA when
r >3 cannot be as good and that the bound of Theorem 1 is asymptotically tight.

THEOREM 4. Let W € R™*2, Q e R™*("=2) gnd X = [W Q|H + N € R"™*" with
2 <m, where W is full rank, K(N) <e < O(a2(W)K(W)™1), K(Q) < 02(W)/2, and
H e RQX" has stochastic columns and two of its columns are ey,es. Suppose T1,To
are the two columns chosen in order by the SPA algorithm applied on X. Then we
have that

min max |2 — wre || < OK(W)e),

where m is either the identity function or the transposition w(i) =3 — 1.

Proof. Suppose € < ao(W)K(W)~1/305. Since 1/305 < 1/8, we can apply Theo-
rem 3 and find that, up to a permutation of the columns of W and H, SPA chooses
at the first step the column z; and ||ry|| <33/C(W)e, where 71 := x; —w;. Notice that
since x7 is the column of X with the largest norm and H has among its columns the
vectors eq, ea, then w; + n,; are columns of X and in particular

1] = max[lw; + ;]| > max [Jwi]| — e = K(W) —e.
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Let P,:=1—wvv'/|[v]|? be the orthogonal projection to the hyperplane orthogonal to
the vector v, and let ¢=1/305.

| Py, — P, |l = ] wiw] ’ (r+w)(r +w)"  wiw!
0 el e a1 12 [[wr [
_ r17‘1T+r1w1T—|—w1r1T+ wT( 1 1 )H
1 - -
[E:28 NIRRT
< Il 420 rafllfwnl] | [lws ] = [l ]f?]
N 212 [Eatli
<l 42wl 2Afwllllrall +lreal® el + 2]l ]
— 2 + 2 - HT” 2
[E8 [l [E8l
33C(W)e +2K(W 33co (W) + 2K (W

(K(W) —¢)?
< 2||lr1] 33c¢+2 < K(W)e
TEW)(1-c? T K(W)

(K (W) — cos(W))?

v(e),

where v(c) = 66 g’lgfj)%

[Py wa|| 2 | Puy wal| = [[(Pry = Puy)wall = 02(W) = [|Pay = Pu, [[[[we]|

> 02(W) ~ i@l (1= er()ralW) = 2= e(w)e.

< 141. As a consequence,

If we now let X := P, X = P,, (W QIH + Py, N =: [W Q]H + N, then the second step
SPA identifies x5, the column of X with the largest norm. Notice that wy = P,, we and

33c

[@1]] = | Poywr]} < lzy = wi || < 33K(W)e < — = (0

(|2 ]|

1

1
< -
~21—cy(o)

2] < [l

Notice moreover that K (N) < K(N) <e and

K(Q) < K(Q) = B0 < Sl < |7

We can write 73 = Aw + (1 — A)wWa + g for a 0 < A <1, for some @ in the convex hull
of [@ w;]. Since

1 1

1 .
19 < 5 7oy 12l < ]

and since H has es as a column, then one of the columns of X is equal to wy + n for
some column n of N, but Zy is its column with largest norm, so

[wal| =& < |wg + 7| < |Z2]| < AJwl| + (1 = N[z + & = Al|wa]| - [[w]]) < 2¢

< 2¢e < 2e
B R e e wyy o

Since the projection is linear, we have x5 = Aw + (1 — M) wy + ny for some w in the
convex hull of [Q w;] and
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26”11]1 711)2”
(1- %17;(5)”@2”
4K(W
<e+ — (W)
(1 - § lfcw(c)>(1 - 07<C))02(W)

=1+ B()K(W))e < (14 B(c)) K(W)e,

[22 = wa] <&+ Ajw —ws] <&+

where

4 4
G e w7 R s .

Remark 3. Theorem 4 does not give an explicit relation between the constants
in the noise bound ¢ < O(ao(W)K(W)~1) and the constants of the error bound
Ming g2 Max;—1 2 ||2; — wre || < O(K(W)e) as in Theorem 3. Carefully retracing the
steps in the proof, we can find that if € < coo(W)K(W) ™! with ¢ < 1/150, then the
error in the first and second step of SPA are, respectively, bounded by

8(1 —4c)?(1 —c)?
1 —146¢c — 547c2 + 376¢3 — 48c*

K(W)e.

1
[1 + 1_646] KW )e <18K(W)e, |14

If, for example, we want to keep the same error 33/C(W)e as in Theorem 3, we need
¢ < 1/196. If instead we want to match the error bound 18/C(W)e of the first step,
we would need ¢ <1/271.

Note that the second formula above, for the second step error, can be simplified using
the inequality

8(1 —4c)?(1 —¢)?
1 —146¢ — 547¢2 4 376¢3 — 48c4

1+ <9+ 4400c

that holds for any ¢ <1/200.

4. Improved bounds for the first two steps of T-SPA and when r = 3.
T-SPA is the same algorithm as SPA, except at the first step when it performs a
translation instead of an orthogonal projection. Because of that, the bounds for T-
SPA will be “one step ahead” of that of SPA. More precisely, we show improved
bounds for the first two steps of T-SPA in section 4.1 (Theorem 5) and when r =3 in
section 4.2 (Theorem 6).

4.1. First two steps of T-SPA. Similarly as done for the first step of SPA
in section 3.1, we prove in this section that T-SPA has bounds on the noise of
O(o,(W)/K(W)) and error bounds of O(¢kC(W)) for the first two steps.

THEOREM 5. Let W € R™*" and X = WH + N € R™*™ with r < min{m,n},
where W is full rank, K(N) < e < O(o,(W)K(W)™1), and H € RI*" is separable
and has stochastic columns. Given x1,xo the first two columns chosen by the T-SPA
algorithm applied on X, we have that

min max lzi — W || < OK(W)e),

TeEST =1,

where ST is the set of permutations of {1,2,...,r}.

Before proving Theorem 5, we need two auxiliary lemmas.
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LEMMA 3. Let W € R™*", where r <m and W is full rank. Let v € conv(W) be
such that in the convex combination v=">, \jw; we have A\, >1/2. If W are the first
r —1 columns of the matric W —ve', then

o (W) < %ﬁar,l(WL K(W) < 2K (W),

Proof. See Appendix A.3. O

LEMMA 4. Let W € R™*" and X = WH + N € R™*"™ with r < min{m,n},
where W is full rank, K(N) < e < co(W)K(W)™!, ¢ <1/233, and H € R s
separable and has stochastic columns. Suppose x1 is the first column chosen by the

T-SPA when applied on X, and it is associated to wy in the sense of Theorem 3, i.e.,
r1=Why +nq, where h11 >1/2. Call w:=Why and let

X=X —zie' = (W—weT)H—I— (N—nleT) =[r W]H—&—N,

where ry =wp —w. Then W is full rank and
o KOW) < o K(W),

o 0, (WKW) ™! < b, 1 (W)K(W)

o 11l < 20,1 ().
Proof. See Appendix A .4. 0

We can now prove Theorem 5.

Proof of Theorem 5. Up to a permutation of the columns of X, W, and H, T-
SPA chooses at the first step the column x; and it is associated to wy in the sense of
Theorem 3, i.e., z1 = Why 4+ n1, where hy 1 >1/2. Call w:=Wh; and let

X=X —ze’ =(W —we )H+ (N —nye'):=[ry WH+ N,
where 1 1= w; —w and K(]\7) < 2e. Suppose € < cgr(W)IC(I/I{)*l with ¢ = 1/374.
Lemma 4 tells us that W is full rank, ||r1]| < 3o,_1(W) < 3K(W), and

?):Ligﬁar,l(W)IC(W)‘l < o1 (WYKOW) 1 /16,

We can thus use again Theorem 3 to obtain that, up to permutations, the second step
of T-SPA extracts the column Zo = x9 — x1 of X and it is close to the first column of
W, that is, 1 = wy — w, in the sense ||Z5 — ]| < 66KC(W)e. This lets us conclude
that x5 is close to ws as, by Lemma 4,

e< CUT(W)IC(I/V)_1 <

w2 — wol| < |2 — ]| + [lz1 — w]| < 6TK(W)e < 67

K(W)e. O
- W)

4.2. T-SPA when r» = 3. As done for SPA when r =2 in section 3.2, we prove
in this section that when r = 3, T-SPA has a bound on the noise of ¢ < (’)(‘;&(XVV))) and
an error bound in O(eK(W)).

THEOREM 6. Let W € R™*3 and X = WH + N € R™ "™ with 3 < min{m,n},
where W is full rank, K(N) < e < O(o3(W)K(W)™Y), and H € RY*™ is separable
and has stochastic columns. Given x1,xo,x3 the three columns chosen by the T-SPA
algorithm applied on X, we have that

i C—wo | < .
min max [ —wn)|| < OK(W)e)
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Proof. Up to a permutation of the columns of X, W, and H, T-SPA chooses at
the first step the column x; and it is associated to w; in the sense of Theorem 3, i.e.,
x1=Whi +nq, where hq 1 >1/2. Call w:=Wh, and let

X=X—-ze' =(W—-we")H+ (N —-nye'):=[r WIH + N,

where r1 :=w; —w and K(N) < 2e. Suppose € < cos(W)K(W)~! with ¢ <1/233, so
that we can apply Lemma 4, which tells us that W is full rank, ||r{| < %O'Q(W), and

4c a R R N

< m@(wm(wrl < O(o2(W)K(W) ™).

We can thus use Theorem 4 to obtain that, up to permutations, the remaining steps
of T-SPA extract the columns %5, Z3 of X and they are close to the columns of W,

which are w; = wy — w and Wy = w3 — w, in the sense ||To — w1 || < OK(W)e) and

|Z3 — w2 < O(K(W)e). We thus conclude that

e < coz(W)K(W)™!

max [lz; — w;]| < max|[|#; — il + 21— w| OKW)e) +e = O(K(W)e). O

In a sense, Theorems 4 and 6 say the same thing: Theorem 4 shows that if we
have some points that are approximately convex combinations of two vertices and the
origin, then we are able to extract two vertices; Theorem 6 says that if we have points
that are approximately convex combinations of three vertices, then once we bring the
first vertex to zero, we can extract the other two.

5. Tightness of the error bound in Theorem 1 when » > 3. In this section,
we prove that the error bound in Theorem 1 is tight when » > 3 (up to the hidden
constant factors), which was an important open question regarding SPA [15, p. 231].

THEOREM 7. Forr >3, the second step of SPA might have an error in Q(eK2(W)).
In particular, there exist a full rank matriz W € R3*3 and an absolute constant ¢ >0
such that, for any ¢ in the interval (0,c), there exist H. € R®** separable and column
stochastic, and N. € R3** with K(N.) <¢, for which the error of the second step of
SPA applied to W H. + N, is larger than ceK*>(W). This implies that the error bound
in Theorem 1 is tight for r >3, up to constant terms.

Proof. Let us provide a family of examples where SPA achieves the worst-case
bound, already at the second step.
Let 0<d<1/4, K>1,0<e< K§*/3, and

1 0 1/2
wW=K|0 1/2 1/2
0 -6 6

The product of the singular values of W is |det(W)| = K36 and K(W) =K < ||W||
since 1/4 + % < 1/2+ 62 < 1. Given the decomposition

1 0 0 0 0 1/2
W=Wi+Wy:=K|[0 1/2 0]+K ([0 0 1/2],
0 -6 0 00 o

it is immediate to see that o1 (W1) = K, oo(W1) = K+/62+1/4 > K/2, and ||| =
K./02+1/2 < K, so by triangular inequality o2(W) < o1(W) = |W| < |[W1| +
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IW2|| < 2K and by the interlacing property of the singular values, o1 (W) > oo(W) >
oo(W1) > K/2. As a consequence,

K36 K§ 8 1
ag(W):al(W)O_Q(W)e{ZlAKé} — <2 K(W) 2 .

Notice that

15122_\/12244\/122 2\/12
2+2K<2+35— 4+35+95< 4+35 365 4+5

so there exists vy such that 6 >~ >0 and \/1/4+ 02 —2¢/K = +/1/44+~2. Let also

N 0 - 1/2 1/4(1-12)
vi=K 12|+ 2 (1—7)1{ 0 | =K 1/2 :
2\ "5
-4 26 —
_ 0
vi= T e [ 1/2
i+t \ =y

The vector v is in the convex hull of W since v =ws(1 —v/d)/2+wz[1 — (1 —~/9)/2],
and v is a e-perturbation of it. Notice moreover that

6
< < Ky — K Ky —+6<K K.
[lo]| < e+|]o]] < e+ \/16—&-4—&-7 < + ”16+ < <3 T; +4/ 6><

Let

0 0
€

9
pimwy— ——— (12| = | ———=+K | [ 1/2],
1462\ -o Vit 0? -6

which is the second column of W up to a perturbation of norm e. In particular,
llz1]l = |lwz]] — e < K — ¢. Finally, let

0 . 0 1/2
12| =|-———+K|[12|+K| 0 |,

3
Jive \ s Ji+e 5 0

which is the third column of W up to a perturbation of norm . In particular,

Z9 i— w3 —

1 1
22l < flwsll +e=K 7+52+25—5<K sttt 2K e

16 3
3 1
- . - — C.
<K(4+24> e< K —¢

Let us build the matrix

K
X=|0 2 2z v]|,
0

which is in the form W H + N with H separable and column stochastic, W full rank,
and K(N)<e
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v
4 21
F1c. 1. Columns of matriz X as black ~
dots and of matrix X as green dots. (Color FiG. 2. Columns of matriz X({2,3},:).
images are available online.) The points of the dashed red line have the same

norm. (Color images are available online.)

The first step of SPA identifies the first column as the vector of largest norm and
projects on its orthogonal space, obtaining the new residual matrix

0 0 0 0
P - & &
s l0 1/2<1 — i+62) 1/2(1 — i+52) 1/2<1+K i+72>

_ _ & _ & — &
0 5(1 K }1+52) 6(1 K }1+52> 7(1—~_1r<\/zlgr7>

Figure 1 represents the columns of X and X , and Figure 2 that of X discarding the
first coordinate which is equal to zero for all columns.
Notice that all the columns of X have the same norm since

2 2
1 € € 1
(4'1'72) —F—+1 =<K+\/4+’72>
K\/7+7?

9 2
15 1 1 €
oy +52> :(+52) = ).
( K 4 4 K,/%+62

Hence SPA can select the last one, v, at the second step. In that case, the final
error of SPA will be larger than min; |w; — v||. Moreover, recall that v is ¥ plus a
perturbation of norm ¢, so ||w; —v|| > ||w; — || —e. First, ||w; — || > 3K/4 > 9¢/(46?)
and |lws — 9| > K /4 > 3¢/(44?). For the second one, we get

=
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b=n = (48 - (A4
fws — 3| > KT =g 2~ T > (i+0%) ~ (3+7°)
45 45(6+1) 862
1 1
Y el A1 1 2 /K
:K\/4 & \/+52+\/+72 >R
862 1 1 862 402

As a consequence, the error will be larger than

£ 3e 3e K2(W)
— —E&> > — .
462 1662 — 16 64
6. Tightness of preconditioned SPA variants. In this section, we show that
the two preconditioned variants of SPA described in section 2.2, namely, SPA? and

MVE-SPA, have tight error bounds. We do this again with examples achieving the
worst-case bounds.

6.1. Tightness of SPA2. Recall the SPA? first runs SPA on X to obtain W =
X(:,J) and then reruns SPA on WTX to obtain W’ = X (:,J’). It turns out this
strategy reduces the error bound of SPA to O(e/C(W)).

THEOREM 8 ([18, Theorem 4.1]). Under the same assumptions and bounds on
the noise as Theorem 1, the index set J' extracted by SPA? satisfies the following
error bound:

min max [[W(, k) =X, Tra)ll < O (KW)).

Let us prove that this bound is tight, as soon as r > 2.
THEOREM 9. The error bound of Theorem 8 is tight for r > 2.

Proof. Let M be any positive real number and let 0 < § < 1/2, 0 < e < §M/6,
a=¢%/(66M) < e/36. Consider

1 0
WMQ Q,
(M0 20\ /] 0 2 0 0 0
X(O oM —¢ M —¢c—« 7W011—z+0—55’

where

0<z= kta < ﬁ < 1
TOM oM T2
The columns of X and W are represented in Figure 3. Since 0 < dM — e < M, the

squared norm of the last column of X is

2 2 3¢\ ° M\?  [(M\?
Y M —e—a)2< () +om2< () £ (Z) <
0 ) 2 2
SPA thus chooses first the first index, and then the second one since M — ¢ >
OM — e — a. We get the preconditioner

~ (M 0 s = (10 S
W‘(o 5M—5):>X_W X_(o I G
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have the same norm.

The columns of X are represented in Figure 4. Since §M —& > 5JM /6, then the norm
squared of the last column of X is now

26+« 2+ 1 « 2> 4e2 1 2c - 4e? +171 2¢2 -1
oM oM —<c) ~ (OM)? SM —e~ (6M)2 5(0M)2 "

so the first index chosen by the algorithm SPA? is the third one. This means that the
final error of SPA2 will be at least the minimum distance between the last column of
X and the columns of W:

(error of SPA?)? >min{<2€;a —M>2+(5M—s—a)2, <2E;a>2+a2}
O NG R (CE R
= (5) () 1= (5)

Since K(W) = 1/§, we obtain that the error bound of SPA? must be larger than
2K (W)e. d

v

6.2. Tightness of MVE-SPA. MVE-SPA needs to be applied on an r-by-
n matrix, so the input matrix needs to be replaced by a low-rank approximation
(e.g., using the truncated SVD) as explained in section 2.2. Then MVE-SPA first
identifies the MVE centered at the origin and containing all data points, defined as
{veR" | v Av < 1}, where A = 0, and then applies SPA on X = A'/2X to obtain
an index set J. After the preconditioning, all data points previously on the border
of the ellipsoid have exactly norm 1, whereas all the other points have norm strictly
less than 1. As a consequence, it can be shown that MVE-SPA can extract any index
corresponding to data points on the border of the ellipsoid, that is, {v € R" | v Av =1}
[20]; see also [28].
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THEOREM 10 ([20, Theorem 2.9]). Let X = WH + N € R™*", where tk(W) =r,
H eRX™ is a separable matriz satisfying H'e<e, and

= <o (=00,

Then MVE-SPA returns a set of indices J such that
min max [[W (k) — X Tre) | < O (K(W)).

reST 1<k<r

THEOREM 11. The error bound in Theorem 10 is tight.

Proof. We can use a similar example as for SPA? in Theorem 8. Let M be any
positive real number and let 0 <0 <1, 0 <e < dM/4. Consider

veu(s 2)
2¢
X= <J\(;[ (5M0—6 (5M5—5> W((l) (1) 1iz> + <8 —05 2)’
where z =2¢/(MJ) < 1/2. The minimum volume ellipsoid going through the first two
columns of X is
E={v| v diag((6M — )%, M*)v = (6M — &)*v? + M?v2 < M*(6M —¢)?}.
The third column of X is outside this ellipsoid as can be seen in Figure 5, since

4e%(6M —£)?/6% + (M —)?M?
MZ2(0M — g)?

> 1.

As a consequence, the minimum volume ellipsoid containing all column s of X must
have the third column on its boundary, and MVE-SPA may identify it after the
preconditioning, since all the columns of the preconditioned matrix X have norm 1 as
can be seen in Figure 6. The distance between the third column and the first is at least

1.2

w =T
1®&==ZZ
e | 1 -5 '''''''' -
-~ ,1 -
08l S 0.9} ~‘~\
v 08 Sao
~ ~
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ARV ‘
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Fic. 5. Columns of matric X as empty or ! ‘ ! ! ‘ '1’2{!
blue circles and columns of matrizc W as red 0 0.2 0.4 0.6 0.8 1
dots. The dashed blue line is the minimum vol-
ume ellipsoid containing x1 and x2. The dashed Fic. 6. Columns of the preconditioned
green line is the minimum volume ellipsoid con- matriz. The points on the circle (dashed blue
taining all columns of X. line) have norm 1.
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2 2
M- § > § = 2KC(W)e,

and the distance between the third column and the second is exactly 276 =2K(W)e.
This concludes that the error bound of MVE-SPA will be larger than 2/C(W)e. d

7. Translation and lifting. We have seen that SPA cannot extract r vertices in
dimension r—1. This can be resolved using T-SPA (see Algorithm 2), via a translation
instead of a projection at the first step, given that H " e = e, as discussed in section 2.1.
As briefly mentioned in section 2.1, this is also possible by lifting the data points in
one dimension higher adding a vector ce' for ¢ € R as the last row of X (see (2.1));
see also, e.g., [27].

In this section, we propose a new strategy, combining the lifting procedure with a
translation, in order to minimize the conditioning of W. In fact, under the condition
that H "e = e, translating and shifting does not change the solution H and translates
and shifts W in the same way since

X —ove' W —ve!
(7.1) XWH<:>( T )< T >H

for any vector v and constant c¢. The problem is as follows: find v € R™ and ¢ € R
such that the conditioning of (WC_EZGT) is minimized. Of course, W is unknown.

In the following, we propose a simple heuristic to tackle this problem. In order to
decrease the largest singular value of W —ve ', a heuristic is to minimize the sum of
its squared singular values, that is, |[W —ve " ||%. The optimal solution of this problem
is given by the average of the column of W, that is, v = 1 We. Note that if it happens
the best rank-one approximation of W has the form ue' for some vector u (in other
terms, e/+/r is the first right singular vector of W), and then the largest singular value
of W —wue' becomes o2(W), which coincides with the smallest o1 (W —ze ') among all
z (by the interlacing property of singular values applied to rank 1 modifications). In
practice, this average is typically well approximated by the average of the columns of
X, given that the data points are evenly distributed in conv(W). Hence, we suggest
to use v = %Xe. It is also possible to use more advanced strategies, e.g., take v as
the average of the columns of X extracted by SPA [1]. However, for simplicity, we

consider in this paper only v = %X e. Then, assuming v = %We, we can characterize
W—ve '

the conditioning of ( e

a value for c.

) as a function of ¢ as follows, from which we will propose

LEMMA 5. Suppose W, € R™*" with m >r — 1 and the average of its columns is
equal to 0, that is, Wye=0. If W, = (CVZ"T ), then

ev/rfor (W) if e 2 [[Whll//r,
(7.2) KWe) = < NIWillfor—1 (W) if [Well /T > ¢ > ora (We) /T,
Well/(evr) if ora(Wh)/Vr Zc.
Proof. If we decompose z € R" as x = ae/\/r +wv/1 — a2, where ||w|?=1 and w

is orthogonal to e, then

HVV@H2 = max ||VVg$H2 = max ||V[/taj||2 + (ceTx)2
llzll=1 llz||=1

(1= o®)[[Wew|® + (ac)®r

= max
llwll=1,7 e=0,]a <1

:max{ max ||Wtw||2,(:2r} =max { | W3], *r},
[lw]|=1,wTe=0
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Algorithm 3. Translated lifted SPA.

Input: The matrix X = WH + N, where H >0, H'"e=e, H is separable, W is
full column rank, the number r of columns to extract.
Output: Set of r indices J such that X (:,J)~ W (up to permutation).

1: v=Xe/n.

2: e= H(ming | X (1) — oll /7 + X — vl /)
30 Xyo=(X-veh). % Translate and lift

4. J = SPAC(ith,T). % see Algorithm 1

so [|[We|| = max{||W:|,cy/T}. In a totally analogous way we find that o,.(W,) =
min{c,_1(Wy),c\/T}. O

According to (7.2), assuming v = We/r, and denoting by W; = W — ve ' the
translated version of W, and by W, = (CVZ%) the lifted version of W, the value of ¢
minimizing (W) is in the interval

1

War,l (W — veT) ,

How can we approximate this interval since W is unknown? Since the columns of
X, =X —ve' are within the convex hull of the columns of W, =W —wve ', we assume
Wil p =~ % I X¢]| F, and hence we approximate the upper bound of the interval using
the following approximation: ||Wy||p/v/r ~ || X¢||r/+/n. For the lower bound, we
estimate o,_1(W;) with min; || X¢(:,7)|. Finally, we propose to use c as the average

of the estimated lower and upper bounds,

NIk

(7.3) e= 5 (min [ X(0) ol V7 + |1 X —veT| . /vi).

However, we have not observed a significant sensitivity of TL-SPA w.r.t. to the value
of ¢, as hinted in Lemma 5. For example, using the average of the absolute values of
X —ve' provides similar results.

We will refer to the variant of SPA that applies SPA on W, the translated and
lifted data, as translated lifted SPA (TL-SPA); see Algorithm 3.

Remark 4 (implementation of TL-SPA). As for SPA and T-SPA (see Remarks 1
and 2), TL-SPA can be implemented in O(r nnz(X)) operations (essentially, r matrix-
vector products). In particular, X —ve ' should not be computed explicitely as v could
be dense. See https://gitlab.com/ngillis/robustSPA for a MATLAB implementation.

8. Numerical experiments. In this section, we illustrate some of the theoreti-
cal findings by comparing the various algorithms discussed in this paper, namely, the
following:

e SPA [4, 19]; see Algorithm 1.

e T-SPA [4]; see Algorithm 2.

e FAW [4]: it starts with T-SPA and then loops once over all extracted by
T-SPA and tries to replace them by increasing the volume of the convex hull
of the extracted columns of X; see also section 2.2.

e SPA? [18]: SPA preconditioned with SPA; see section 6.1.
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e TL-SPA: it applies SPA on the translated and lifted data matrix as proposed
in section 7.

e TL-SPAZ: it applies SPA? on the translated and lifted data matrix as de-
scribed in section 7.

We do not include MVE-SPA as it performs similarly as SPA2, as reported,
e.g., in [15, Chapter 7]. The code used to run these experiments is available from
https://gitlab.com/ngillis/robustSPA. We do not report computational times as all
algorithms are extremely fast, although FAW is about r times slower than SPA, T-
SPA, and TL-SPA, while SPA? and TL-SPA? are about two times slower. (It takes
about 10 s on a standard laptop to run the experiments described below, running the
6 algorithms on 6120 matrices.)

Synthetic data sets. We use the same synthetic data sets as in [15, Chapter
7.4.6.1: X =WH + N, where the following hold:

e The entries of W € R™*" are generated uniformly at random in the inter-
val [0,1], W = rand(m,r). In this case, W is well-conditioned with high
probability. To make W ill-conditioned, we compute the compact SVD of
W =UXVT, then update W «+ UX'V T, where ¥’ is a diagonal matrix whose
entries are log-spaced between 1075 and 1, and hence % =105 and K(W)
will be smaller, of the order of 5 - 10°; see Table 3.

e The matrix H = [[., H'|]IT € R™*" where II is a random permutation, and
the columns of H’ either follow the Dirichlet distribution of parameters 0.5,
or each column of H' has two nonzero entries equal to 1/2 for all possible
combinations of two columns of W, so that n =r + (;) The latter case is
the so-called middle point experiment since besides the columns of W, the
columns of X are in-between two columns of W. This is a more adversarial
case than the Dirichlet distribution, as all data points are on edges of the
boundary of conv(W).

e In the case of the Dirichlet distribution, each entry of N follows a Gaussian
distribution, N = randn(m,n), and is then scaled N « Jl‘mﬁl’v N, where §
is the noise level (=ratio of the norms of N and W H). For the middle point
experiments, the middle points are moved toward the outside of the convex
hull of conv(W): if X(:,5) is a middle point, N(:,5) = §(X(:,j) — w), where
w is the average of the columns of W. The columns of W in X are not
perturbed. This is an adversarial noise: the data points are moved outside
conv(W).

Table 1 summarizes the four types of data sets we will generate. For each experi-
mental setting, we test 51 different noise levels § and, for each noise level, we report the
average accuracy (which is the proportion of the indices of the columns of W correctly
recovered by the corresponding algorithm) over 30 randomly generated matrices.

Figure 7 reports the accuracy as a function of the noise level for the Dirichlet
experiments (Exp. 1 and 2), and Figure 8 for the middle point experiments (Exp. 3
and 4).

TABLE 1
Four types of synthetic data sets used in our four erperiments.

m n [ w H N
Exp. 1 40 110 10 Well-cond. Dirichlet Gaussian
Exp. 2 40 110 10 Ill-cond. Dirichlet Gaussian
Exp. 3 40 55 10 Well-cond. Middle points adversarial
Exp. 4 9 55 10 Rank-def. Middle points adversarial
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Exp. 1: Well-condition Dirichlet experiment
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Fic. 7. Accuracy vs. noise level for Dirichlet experiments.

Table 2 reports the robustness of each algorithm in each experimental setting. The
robustness is defined as the largest noise level for which the corresponding algorithm
recovered exactly all indices for all matrices.

We observe the following:

e For the well-conditioned Dirichlet experiment (Exp. 1), all SPA variants
perform similarly and have the same robustness. The main reason is that
the conditioning of W and its translated variant, W;, are close to each other.
This is a similar observation as in [15, Figure 7.6].

e For the ill-conditioned Dirichlet experiment (Exp. 2), SPA and SPA? per-
form slightly worse than the other algorithms. The reason is that W has a
very small eigenvalue (107°) that is slightly better handled via translation
at the first step. However, the gain of T-SPA, FAW, TL-SPA, and TL-SPA?
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Exp. 3: Well-condition middle point experiment
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Fia. 8. Accuracy vs. noise level for the middle point experiments.

is not significant because the second singular value is also small (=4.610~¢
due to the log-spaced singular values) so that the conditioning of W; is not
significantly smaller than that of W.

e For the well-conditioned middle point experiment (Exp. 3), there is a clear hi-
erarchy: SPA and T-SPA perform similarly (since the matrix is well-
conditioned, translation does not bring much improvement), FAW is more
robust than TL-SPA but its accuracy decays more rapidly, SPA? outper-
forms FAW (as already noted in [15, Figure 7.7]), while TL-SPA? and SPA?
perform similarly although TL-SPA? is more robust (see Table 2).

e For the rank-deficient middle point experiment (Exp. 4), SPA and SPA?
cannot extract more than nine indices, since m = 9 < r = 10, and hence
cannot have an accuracy larger than 90%. This is because W has only r — 1
rows and hence as an infinite conditioning (the rth singular value is equal to
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TABLE 2
Robustness comparison of SPA-like algorithms: largest value of the noise level § for which each
algorithm recovers all indices correctly for the 30 generated matrices. The best result is highlighted
in bold.

SPA T-SPA FAW TL-SPA SPA? TL-SPA?
Exp. 1 0.136 0.136 0.136 0.136 0.136 0.136
Exp. 2 | 503107 1.9310°% 1.9310°% 1.9310°% 1.9310°% 1.9310°°
Exp. 3 0.182 0.174 0.263 0.166 0.380 0.417
Exp. 4 0 0.017 0.100 0.017 0 0.302
TABLE 3

Average condition number, and standard deviation, of the matrix W after preprocessing using
the different algorithms, for the 30 generated matrices (same settings as in Table 2). The first
column reports the noise level 8. The best result is highlighted in bold.

Exp. 1 SPA T-SPA & FAW TL-SPA SPA? TL-SPA?
0.10 3.74+04 2.74+0.3 45+1.4 1.240.0 1.240.0
0.28 3.9+04 2.84+0.4 1.9+0.2 1.84+0.2 1.74+0.2
0.46 3.74+04 29404 2.04+0.2 23.6 +25.8 22.6 +£52.8
0.64 3.7+0.5 31+04 2.1+0.2 75.44241.1 212.44+775.5
0.82 3.840.3 3.6+0.4 2.54+0.2 58.1+78.8 135.5 4+ 501.8

1 3.8+0.3 40405 2.6 +£0.2 49.1 £60.1 283.6 +621.0

Exp. 2 SPA T-SPA & FAW TL-SPA SPA2 TL-SPA2

106 54.74+5.55-10% 20.4+1.93-10* 11.941.20-10% 1.1+£0.0 1.0+0.0
1.48 1075 | 55.94+7.69-10* 19.6 £2.03-10* 12.24+1.65-10% 6.6 +2.8 1.3+0.1
2.18 1074 | 59.44+7.68-10% 51.24+5.66-10° 13.04+1.75-10% 802.3+1157.2  118.14122.7

0.003 | 58.5+7.81-10* 484+4.63-10° 12.841.74-10* 1.134+1.51-10* 4.57+8.37-103
0.047 | 58.54+7.39-10% 49.6£4.59-10% 12.74+1.56-10* 8.01+30.9-10° 2.194+3.13-10%
0.7 57.446.06-10% 49.1 +4.68-103 12.7+1.26-10%* 2.21+5.67-10% 4.314+5.94-10°

Exp. 3 SPA T-SPA & FAW TL-SPA SPA2 TL-SPAZ2
0.10 3.9+04 2.7+0.3 2.240.2 1.0+0.0 1.0+0.0
0.16 3.74+04 2.6+0.3 2.240.2 1.0+0.0 1.04+0.0
0.25 3.7+04 2.6+0.3 2.240.2 1.6+0.7 1.2+05
0.40 3.74+04 2.6+0.3 2.240.2 27402 2.7+02
0.63 3.8+0.6 3.0+04 2.3+0.3 32404 3.1+0.3

1 39404 3.34+04 2.34+0.2 3.5+0.4 3.6+04

Exp. 4 SPA T-SPA & FAW TL-SPA SPA2 TL-SPA2
0.01 00 72.0 £ 95.5 57.7+73.8 00 1.04+0.0
0.025 00 53.1+£72.0 42.6 +57.6 00 1.0+0.0
0.063 00 7.65+38.3-10% 6.51432.8-103 0o 1.2+05
0.16 00 407 + 1610 324 4+ 1252 00 1.840.7
0.40 00 56.5 4+ 94.6 41.44+72.1 00 2.9+04

1 00 195 + 600 129 + 416 0o 3.5+0.4

zero), while W; is well conditioned (since the (r — 1)th singular value of W
is not small, with high probability). For the other algorithms, we observe a
similar hierarchy as for the well-conditioned middle point experiment (Exp.
3), except that our newly proposed TL-SPA? significantly outperforms the

other variants (robustness of 0.302 vs. 0.100 for the second best, FAW).
These experiments illustrate that, in adversarial and rank-deficient or ill-conditioned
settings, it is key to use enhanced variants of SPA. In particular, the proposed TL-
SPA? has been shown to outperform all other variants in such cases.
To further validate this observation, Table 3 reports the conditioning of the matrix
W after the preprocessing performed by the different algorithms, namely, the following
hold:
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TABLE 4
Average conditioning K(Wy) using different shifts ¢ defined in (7.3) multiplied by a factor a €
{0.1,0.5,2,10}. The same settings as in Table 3 but the results are averaged over all noise levels.
The best result is highlighted in bold.

a=1/10 a=1/2 a=1 a=2 a=10
Exp. 1 6.3+6.4 3.0+2.6 26+1.1 3.0+0.9 10.6 6.2
Exp. 2 | 12.44+1.60-10% 12.44+1.58-10* 12.54+1.57-10% 13.04+1.54-10% 22.9+2.44.10%
Exp. 3 42403 1.940.2 22402 3.240.4 13.6+£1.6
Exp. 4 | 1.03+11.8-10% 1.074+12.2-10% 1.18+13.4-10% 1.56+17.6-10% 5.924+66.4-103

e For SPA: (W), since SPA applies directly to the data.

e For T-SPA and FAW: %, where W; is the matrix W translated by the
column of X with the lf;rgest {5 norm; see section 2.1.

e For TL-SPA: K(W,), where W, = (Wc_e”TeT) with v = Xe/n and ¢ given by
(7.3).

e For SPA%: K((X(:,J))'W), where J is obtained by SPA.

e For TL-SPA%: K((X(:,J))'W,), where J is obtained by TL-SPA, and X =
(X 7”T8T) is the translated and lifted version of X.

We observe the following:

e Except for Exp. 2 and § =0.7, it is always TL-SPA or TL-SPA? that lead to
the lowest condition numbers.

e For Exp. 1, where W is well-conditioned, the variants using the left-inverse
preconditioning (that is, TL-SPA?2, and to a lesser extent SPA?) lead to high
condition numbers for high noise levels (for § > 0.46). However, this is not
really worrisome since at these noise levels, the performance of all algorithms
degrades significantly (robustness is lost for § < 0.136; see Table 2).

e Exp. 2, where W is ill-conditioned, TL-SPA? is very effective at reducing
the conditioning, especially for low noise levels, which explains its robustness
results from Table 2.

o Exp. 4, where W is rank-deficient, TL-SPA? is very effective in reducing the
conditioning, when compared to T-SPA and TL-SPA, again confirming the
results from Table 2.

Remark 5 (sensitivity of TL-SPA to the lift parameter). In section 7, we pro-
posed a lift parameter for TL-SPA based on Lemma 5; see (7.3). This is a heuristic
choice with no theoretical guarantees since W is unknown in practice. However, we
have observed that TL-SPA is not too sensitive to the choice of this parameter. We
have rerun TL-SPA with the lift parameter ¢ defined in (7.3) multiplied by a factor
a €{0.1,0.5,2,10}. Table 4 reports the average condition number, K(W,), for all ex-
periments. Except when o = 10, which leads to significantly worse results, the other
condition numbers are very close to each other.

9. Conclusion and further work. In this paper, we revisited the robustness
to noise of SPA and variants. We improved previous error bounds for the first step of
SPA and when r =2 (Theorems 3 and 4) and for the first two steps and when r = 3 for
the translated variant of SPA, T-SPA (Theorems 5 and 6). We then proved that, for
r > 3, the original robustness result of SPA [19, Theorem 3] is tight (Theorem 7), an
important open question in the literature [15, p. 231], using a well-constructed family
of matrices that achieve the worst-case error bound. We also proved the tightness of
the error bounds for two preconditioned variants of SPA, namely, SPA preconditioned
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with itself (SPA%, Theorem 9) and SPA preconditioned with MVE (MVE-SPA, The-
orem 11). Finally, we proposed a new SPA variant that uses a translation and lifting
of the data points, namely, TL-SPA, and that allows us to improve the robustness
of SPA by reducing the condition number of W. We illustrated this on numerical
experiments.

Further work includes the following:

e TL-SPA does not have provable robustness guarantees as the choice of the
translation and lifting may influence the conditioning of W in an unexpected
way. Providing such guarantees would be important to better understand its
behavior. This could also lead to new, more clever, ways to preprocess the
input data matrix X.

e Tightness of other separable SSMF algorithms could also be studied, e.g.,
the ones based on convex relaxations (see section 2.2). Maybe our coun-
terexamples for SPA, SPA2, and MVE-SPA could be the basis for such an
analysis.

e Comparing the performance of the SPA variants for real-world applications
would help understand which variant to use in which situation.

Appendix A. Proofs.
A.1. Proof of Lemma 1.

Proof. Given a couple of distinct indices 1, j, let W; ; = [w;, w;]. We have

2

w; + w; 1 1 1 1
|2 = G+ Gl = s = w12 < KOV = 1 - )
1
<KW )* = 5oa(Wi )™

This implies

w; +w; \/ 1 1 o2(Wij)*
< .2 )2 < 2 V2 _TEN I
[l VUM INUEE \/me) 572V + e
o2(Wi;)? o2 (Wi;)
= K(W; ;) — 2 K (W) - :
By the theorem of interlacing of singular values oo(W; ;) > o.(W) and K(W; ;) <
K(W), so
w; +w; a2 (Wi ;) or (W)
—— | <K i) — ——2 < K(W; ;) —
| =K =S,y = )= Geam)
< max{[[w;], [Jw; [} — 2e. o

A.2. Proof of Lemma 2.

Proof of Lemma 2. Notice that since all w; and all v; with ¢ > 1 are in C, then
conv(vy,...,Up,w1,...,w.) CC. Asaconsequence, to prove V\C C conv(vg, w1, ..., w;)
we just need to show that

V =conv(vy,...,vm,w1,. .., w.)Uconv(vg,wr, ..., w,).

Let v; :=v; — vy and w; := w; — vg = ;v;. By the definition of convex hull, v € V if
and only if there exist nonnegative Ag, ..., A, that sum to one such that v:=v—vy =
—vg + Zz iU = ZiZI v, If 2121 )\i/()(i <1, then
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~ i - i i
’U:iji = v =1y I—ZJ +ijiGconv(vo,wl,...,wr).

«
i>1 i>1 i>1 ¢

Otherwise, > ;- Ai/a; > 1, but since 3,5, Ay =1— Ao <1, then there exists ¢ € [0,1)
such that Y.~  Ai/(14+t(a; —1)) = 1. Let now A; := \; /(1 +t(a; — 1)) for every i > 1,
so that 37,5, A;=1 and

txi@i + (1 — t)XﬁL = (1 + (ai — 1)t)5\'ﬁjz = \;0;.
Therefore
i>1
= txiwi+(1ft)x,;v,;Econv(vl,...,vr,wl,...,wr). 0
i>1
A.3. Proof of Lemma 3.
Proof. Notice that o,_1 (W) = or_l(W —wve'), where

At

W:(wlaw27"'7wr—l7v)7W Ir71 A :W(I+X6;r)
r—1
O1x(r—1) Ar

with XZ =)\ for 1 <i<rand fXT =1-A\ :Z\J 4+ )\T_lf.vDue to the interlacing

property of singular values, we have that o, (W—ve ) > o,(W) > o,.(W)o,(I+Xe] ).
Moreover, due to Weyl’s perturbation law,

(T +Xe]) > 1= X[ =1 /X 4 4 A2+ (1= \,)2
> 1- A=A 21— 2

This lets us conclude that ar_l(W) >0 (W) 2’2‘/5. For the second part, it is enough

to notice that |v|| < K (W) since it belongs to conv(W), so K(W) < 2K(W) is
immediate. O

A.4. Proof of Lemma 4.

Proof. Since ¢ <1/8, we can apply Theorem 3 and find that |21 —w: || < 33KC(W)e.
The translation brings the matrix X into X as in the hypothesis. From Lemma 3, we
get that

ora (W) > 2 ‘f

o (W) >0,

so W € Rm*(r=1) g full rank. Notice also that

[l < ey = wall + [lzy — w]] < 34K (W)e < 3dco, (W)

68c A 1 .
< - .
\/§UT,1(W) ~ 20'7«,1(W)
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Last, K (W) <2K(W), which implies

_ ﬁﬁar,l(W)K(W)_l
and
KOW) = 0v (W) LK (W) < — 20 (W) LK(W) = —_Kk(W). 0
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